Three dimensional topological insulator represents a class of novel quantum phases hosting robust gapless boundary excitations, which is protected by global symmetries such as time reversal, charge conservation and spin rotational symmetry. In this work we systematically study another class of topological phases of weakly interacting electrons protected by spatial inversion symmetry, which generally don't support stable gapless boundary excitations. We classify these inversion-symmetric topological insulators and superconductors in the framework of K-theory, and construct their lattice models. We also discuss quantized response functions of these inversion-protected topological phases, which serve as their experimental signatures.
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PACS numbers:
I. INTRODUCTION The discovery of topological insulators 1, 2 and superconductors 3 reveals a large class of novel quantum phases which, in spite of a finite energy gap for all bulk excitations, exhibit protected surface states robust against perturbations as long as certain symmetries (such as time reversal and spin rotational symmetry) are preserved.
Existence of topological insulators/superconductors also discloses a rich topology of quantum phases in the presence of symmetries 4 : i.e. topological insulators/superconductors and the "trivial" ones (with no surface states) only become distinct quantum phases when certain symmetries are present. For example, a time reversal invariant (TRI) topological insulator in three dimensions [5] [6] [7] (3d) can be continuously tuned into a 3d trivial insulator without closing the bulk energy gap, once time-reversal-breaking magnetic orders are introduced into the system 8 . In general the topology of insulators/superconductors with a certain symmetry group is captured by an Abelian group, which can be (see TABLE I and II for examples) e.g. a trivia group 0 with only identity element, meaning that there is no topological insulators/superconductors; a cyclic group Z 2 , meaning there is only one kind of nontrivial topological insulator/superconductor; or an integer group Z, meaning that there is an infinite number of distinct topological insulators/superconductors labeled by an integer index ν ∈ Z. The addition of two elements in this Abelian group is physically realized by coupling two quantum phases together (in a way preserving symmetries) to form a new system 4, 9, 10 . To understand the topology of insulators/superconductors in the presence of certain symmetries, i.e. to classify different quantum phases, we need to identify the corresponding Abelian group structure of topological insulators/superconductors.
Further more, physical pictures of these topological/insulators with certain symmetries can be obtained by constructing microscopic models which describes the "root" state of topological insulators/superconductors (mathematically the generator of this Abelian group).
The topology of non-interacting electrons with arbitrary global symmetries, such as time reversal, U (1) charge conservation and SU (2) spin rotational symmetry, are fully classified by the so-called "10-fold way" periodic table 9 ,11 of topological insulators/superconductors. The mathematical structure behind this classification is Ktheory 9 . Intuitively the quantum critical point between two topologically distinct insulators/superconductors can in general be described by a Dirac Hamiltonian of free fermions, and the problem of classifying different insulators/superconductors in the presence of certain symmetries reduce to a mathematical problem of classifying distinct symmetry-allowed mass matrices for the Dirac fermions. Amazingly no matter what the symmetry group is, the classification (i.e. the Abelian group) of distinct insulators/superconductors preserving this symmetry always falls into one of the 10-fold way. Although the topology of (non-interacting fermion) insulators/superconductors with any global symmetries is fully resolved, less is known about spatial (crystal) symmetries beyond translations 12 . Recently a lot of progress has been made along the line of topological insulators/superconductors with mirror reflection symmetry [13] [14] [15] [16] , and 2d topological phases with crystal symmetries [17] [18] [19] (such as C n crystal rotations). This work aims to answer the following question: how does spatial inversion symmetry reshape the topology of different insulators/superconductors with certain global symmetries? Can inversion symmetry gives rise to new topological phases 20 ? It turns out K-theory also provides a natural framework to classify distinct topological phases with both global symmetries and spatial inversion symmetry I. In particular for the usual spatial inversion operation satisfying I 2 = +1, classification of topological phases protected by global symmetries and inversion I is summarized in TABLE I. The presence of an extra inversion symmetry I modifies the original 10-fold way classification (with just global symmetries) in two fashions. First of all, many new topological phases appear, which will become trivial (i.e. they will be adiabatically tuned into a trivial phase) as soon as inversion symmetry I is broken. Examples of this type include e.g. magnetic insulators and superconductors (class A and AI), TRI insulators (class AII) and 3d singlet superconductors (class C). We explicitly construct lattice models to realize all these new topological insulators/superconductors in section III. Secondly, certain topological phases protected by only global symmetries must break inversion symmetry I. Therefore once we require inversion symmetry, these topological phases are forbidden. Examples of this type include TRI triplet superconductors (class DIII) and 3d TRI singlet superconductors (class CI). Their classification becomes trivial ("0" in TABLE I) in the presence of an additional inversion symmetry I.
We also consider a "special" inversion symmetry I satisfying I 2 = −1, i.e. the square of inversion operation equals the fermion number parity in the system. Such a special inversion can be realized in 1d/2d electrons with spin-orbit coupling, by C 2 crystal rotation symmetry along an axis perpendicular to the 1d/2d system. It can also be realize by fermionic spinons in symmetric Z 2 spin liquids, which transform projectively 21 under inversion symmetry I.
This paper is organized as the following. In section II we introduce K-theory to classify different topological phases of non-interacting electrons with both global symmetries and spatial inversion symmetry I. A brief review of K-theory classification of gapped non-interacting fermion phases is given in Appendix A. In section III we construct microscopic tight-binding models for the new topological insulators/superconductors protected by inversion symmetry, as summarized in TABLE I. Finally in section IV we discuss quantized responses of these inversion-symmetric topological phases as their experimental signatures and give concluding remarks.
II. TEN-FOLD WAY CLASSIFICATION WITH AN EXTRA INVERSION SYMMETRY
In the K-theory approach 9,15,22 , classification of distinct gapped phases with various symmetries is reduced to the following mathematical problem: what is the "classifying space" of symmetry-allowed mass matrix for a generic Dirac Hamiltonian preserving certain symmetries? Different gapped symmetric phases correspond to disconnected pieces of the classifying space, which cannot be connected to each other without closing the bulk energy gap. Mathematically the group structure formed by these different phases is given by the zeroth homotopy π 0 (S) of classifying space S.
To be specific, writing fermion annihilation (and creation) operators c † a ≡ η 2a−1 + i η 2a in terms of Majorana basis {η a }, generally a quadratic Dirac Hamiltonian of non-interacting fermions has the following form
where {γ i } are real symmetric Dirac matrices, and M is a real anti-symmetric mass matrix which anti-commutes with all Dirac matrices. In the Majorana basis, global symmetries such as time reversal and U (1) charge conservation are all generated by real matrices (let's call them {g α }). In the K-theory approach, these symmetry generators {g α } together with Dirac matrices {γ i } form a real (or complex) Clifford algebra Cl p,q (or Cl n ), as demonstrated in detail in Appendix A. The mass matrix M serves as an extra generator, which together with Dirac matrices and symmetry generators form a bigger Clifford algebra Cl p,q+1 (or Cl n+1 ). Therefore the classifying space for symmetric mass matrix M is determined by the extension problem of Clifford algebra Cl p,q → Cl p,q+1 (or Cl n → Cl n+1 ), and it is called R q−p+2 (or C n ) for the extension of real (or complex) Clifford algebra. Due to Bott periodicity in classifying space R a mod 8 (or C n mod 2 ), the classification of topological insulators/superconductors is captured by a periodic table 9 . In the presence of inversion symmetry I in addition to the global symmetries summarized in TABLE I, how is the 10-fold-way classification 9,11 of topological insulators/superconductors modified in different spatial dimensions? In the Majorana basis the inversion symmetry I is represented by a real symmetry matrix I satisfying
since spatial derivative ∂ i in (1) changes sign under inversion. Notice that inversion matrix I commutes with the generators of all global symmetries. Therefore one can define the following real matrix
with
It's straightforward to see the following dichotomy in odd and even spatial dimensions:
A. Two complex classes (class A and AIII)
In the complex classes (i.e. class A and AIII), the Dirac matrices {γ i } and symmetry generators {g α } form a complex Clifford algebra Cl n , due to a U (1) symmetry generated by real anti-symmetric matrix Q with Q 2 = −1. Now in the presence of inversion symmetry I, we need to consider a new matrix U satisfying (5).
AZ Class
Symmetry group
Insulators (conserving charge), S z -conserving magnetic superconductors.
Insulators with a combination of time reversal and π-spin-rotation, S z -conserving superconductors with a combination of time reversal and π-spin-rotation along S x/y .
Superconductors with a combination of time reversal and π-spin-rotation.
Superconductors with no symmetry.
Singlet superconductors with a combination of time reversal and π-pseudospin-rotation. 9, 11 , in the presence of an additional inversion symmetry I with I 2 = 1. Note that inversion symmetry I commutes with all other global symmetries. "TRI" is short for "time reversal invariant". The classification repeats itself when spatial dimension increases by 8.
d = odd
In odd spatial dimensions, the matrix U becomes a new generator in the complex Clifford algebra, since it anti-commutes with all other generators. The associated classifying space for mass matrix M is determined by the new extension problem Cl n+1 → Cl n+2 , and it changes from C n to C n+1 due to the extra inversion symmetry I. Hence in odd spatial dimensions, distinct gapped phases in class A form an integer group Z = π 0 (C 0 mod 2 ), and a trivial group 0 = π 0 (C 1 mod 2 ) in class AIII.
d = even
In even spatial dimensions, matrix U serves as a new symmetry which commutes with all generator of the original Clifford algebra. Note that
We can choose a basis where matrix
Clearly no mixing term between the U = +1 (or U Q = +1) and U = −1 (or U Q = −1) subspace is allowed by inversion symmetry I, and each subspace has the same classification as in the standard 10-fold-way. Therefore when d =even, distinct gapped fermion phases have a group structure Z × Z in class A, and still a trivial group structure 0 = π 0 (C 1 mod 2 ) in class AIII, as summarized in TABLE I.
B. Eight real classes
For the eight real classes in the 10-fold-way, the classifying space for mass matrix M in (1) is related to the following extension problem of real Clifford algebra: Cl p,q → Cl p,q+1 generated by
Now with inversion symmetry I, the new matrix U satisfying (5) will change the structure of the original Clifford algebra. From (4) we can see the classification of topological insulators/superconductors with inversion symmetry changes from the original 10-fold-way, depending on spatial dimension modulo 4.
In this case the new generator U defined in (3) satisfies
Therefore the original extension problem (6) of real Clifford algebra Cl p,q → Cl p,q+1 now becomes
i.e. real Clifford algebra Cl p,q+1 → Cl p,q+2 . Hence the classifying space for mass M changes from R q−p+2 to R q−p+3 . This means in TABLE I the d = 1 (and d = 5) column shifts upward by one row for the eight real classes, compared to the original 10-fold-way with only global symmetries (but no inversion).
d = 2 mod 4
Here matrix U introduced in (3) commutes with all generators of the original real Clifford algebra Cl p,q
As discussed in Appendix A 3, this extra inversion symmetry I (hence matrix U ) will reorganizes real Clifford algebra Cl p,q → Cl p,q+1 into complex Clifford algebra Cl p+q → Cl p+q+1 . As a result the classifying space for mass matrix M in eight real classes changes from R q−p+2 to C p+q ! Since π 0 (C 0 mod 2 ) = Z and π 0 (C 1 mod 2 ) = 0, we obtain the classification of topological insulators/superconductors with inversion symmetry in d = 2 (and d = 6) dimensions, as shown in TABLE I.
d = 3 mod 4
Here new generator U defined in (3) satisfies
Hence the original extension problem (6) Cl p,q → Cl p,q+1 changes into
. Hence the classifying space for mass M changes from R q−p+2 to R q−p+1 . Consequently in TABLE I the d = 3 (and d = 7) column shifts downward by one row for the eight real classes, compared to the original 10-fold-way.
d = 0 mod 4
In this case, matrix U introduced by inversion symmetry I again commutes with all generators of the original real Clifford algebra Cl p,q
Table II: Classification of gapped non-interacting fermion phases with various global symmetries 9,11 , in the presence of an additional inversion symmetry I with I 2 = −1. We assume inversion symmetry I commutes with all other global symmetries. Particularly in one and two spatial dimensions with spin-orbit coupling, symmetry I with I 2 = −1 can be physically realized as spatial 180 o rotation symmetry C2. Again the classification repeats itself when spatial dimension increases by 8.
As discussed in Appendix A 3, since U 2 = +1 we can always choose a basis where U = σ z ⊗ 1, and all other generators of Clifford algebra are block diagonalized. In other words the subspace with U = +1 and the subspace with U = −1 can never mix in a non-interacting Hamiltonian due to inversion symmetry I. In each subspace the symmetry-allowed mass matrix M has the same classification as the original 10-fold-way. Since the two subspaces with U = ±1 are completely independent, the final classification for inversion symmetric topological insulators/superconductors has a group structure which is the square of the 10-fold-way classification. This is also summarized in TABLE I in d = 4 (and d = 8) dimensions.
C. "Special" inversion symmetry with
In the presence of an extra "inversion" symmetry I satisfying I 2 = (−1)N f (i.e. the inversion I squares to be the fermion number parity), we can also apply K-theory to classify different topological insulators/superconductors for the whole 10-fold way. The calculation is completely analogous to the case with T 2 = +1, as previously discussed. The resultant classification of non-interacting fermion topological phases with global symmetries and an extra inversion symmetry satisfying I 2 = −1 is summarized in TABLE II.
For two complex classes (class A and AIII) the classifications for I 2 = −1 case are exactly the same as for I 2 = +1 case. In particular no inversion-symmetric topological insulators/superconductors exist in class AIII in any spatial dimensions, while distinct inversion-symmetric insulators in class A are labeled by one (or two) integer index (indices) in odd (or even) spatial dimensions.
For four real classes, in d spatial dimensions satisfying d = 1 mod 4, the classification with I 2 = −1 shifts downward by one row compared to the original 10-fold way with no inversion symmetry, while in d = 3 mod 4 dimensions the classification shifts upward by one row with T 2 = −1. In d = 2 mod 4 spatial dimensions, the original 10-fold way classification squares in the presence of inversion symmetry I 2 = −1. In d = 0 mod 4 spatial dimensions, the presence of inversion symmetry (I 2 = −1) effectively transform the real classes into complex classes (see section II B 2) where the classification is either Z or 0.
For spin-1/2 electrons with spin-orbit coupling in one and two spatial dimensions, such an inversion symmetry with I 2 = −1 can be realized by a combination of spatial and spin rotation by 2π, i.e. the C 2 rotation along an axis perpendicular to the 1d/2d system. For example the Z 2 classification of these C 2 -symmetric insulators in 2d was obtained in Ref. 17 . In other cases such a "special" inversion symmetry I with I 2 = −1 can be realized in e.g. Z 2 spin liquids 21 where emergent fermion spinons transform projectively under inversion symmetry I.
III. EXAMPLES A. Class A: inversion-protected insulators
Insulators has U (1) symmetry associated with charge conservation and belong to complex class A in TABLE I. When there are no inversion symmetry, the classification of insulators (class A) are given by 0 in one spatial dimension (1d), by Z in 2d and by 0 in 3d. In other words all insulators in 1d and 3d are all the same, while in 2d different insulators are described by an integer (their Hall conductance in unit of e 2 /h). In the presence of inversion symmetry I with I 2 = +1, different insulators are classified by Z in 1d, by Z × Z = Z 2 in 2d and by Z in 3d.
For class A in one spatial dimension, different inversion-symmetric insulators are labeled by an integer index ν ∈ Z where ν = 0 denotes the trivial insulator. Meanwhile ν = 0 corresponds to nontrivial topological insulators, which cannot be continuously connected to a trivial insulator without closing the bulk energy gap or breaking inversion symmetry.
A simple lattice model is illustrated in FIG. 1 , realized in a 1d chain of spinless (or spin-polarized) electrons with two sublattices A and B:
where t 1 and δ are both real parameters. Without loss of generality we take t 1 > 0 as an convention in the whole 
It's straightforward to see that when δ 1 the lowenergy physics is described by Dirac Hamiltonian of fermions around zone boundary k = π
where τ are Pauli matrices. When δ > 0 we achieve the "root" topological insulator protected by inversion symmetry, with topological index ν = 1.
d = 2
It's well-known that irrespective of inversion symmetry, distinct insulators (class A) in two spatial dimensions are fully described by a topological invariant, i.e. their Hall conductance 23 σ xy = C e 2 h , where C is an integer called Chern number. Now in the presence of an extra inversion symmetry, different insulators are characterized by a pair of integers ν ≡ (ν 1 , ν 2 ) where ν i ∈ Z. The Chern number is related to these two integers by
The "root" states of 2d inversion-symmetric insulators with ν = (0, 1) and (1, 0) can be realized by spin-1/2 electrons on a checkerboard lattice (with two sublattices A and B) as illustrated in FIG. 2 : 
When δ 1,2 1, the low-energy physics is governed by effective Dirac Hamiltonian around 1st BZ corner k = (π, π)
The pair of integer index characterizing 2d inversionsymmetric insulators are given by
In particular it's straightforward to check that Hall conductance of the above lattice model is given by
In the pressence of inversion symmetry, two insulators with different topological index (ν 1 , ν 2 ) cannot be adiabatically connected to each other without closing the bulk gap. 
d = 3
In the absence of inversion, all insulators in three spatial dimensions are topologically the same. As shown in TABLE I, 3d insulators protected by inversion symmetry I are characterized by an integer index ν ∈ Z. The root state with ν = 1 can be realized by spin-1/2 electrons on an interpenetrating primitive cubic lattice (i.e. CsCl structure), as shown in FIG. 3 .
There are two sublattices labeled again by index s = A/B and the lattice model writes 
When δ 1 the system is described by a low-energy Dirac Hamiltonian around zone corner k = (π, π, π)
where σ and τ are Pauli matrices for spin and sublattice indices. Specifically δ > 0 corresponds to the ν = 1 topological insulator, while δ < 0 leads to the ν = 0 trivial insulator which can be adiabatically connected to an atomic insulator.
B. Class AI: inversion-protected magnetic insulators/superconductors
The symmetry group for real class AI is
where ani-unitary time reversal operation T satisfies T 2 = +1. It can be realized both in insulators of spinpolarized electrons and in superconductors with collinear magnetic order. In the absence of other symmetries, the classification for class AI is always trivial in 1d, 2d and 3d. When there is an extra inversion symmetry, distinct insulators emerge which are classified by an integer index ν ∈ Z in 1d, 2d and 3d.
Clearly the 1d lattice Hamiltonian (8) of spin-polarized electrons also has time reversal symmetry T (here T 2 = +1 for spinless electrons), since all the hopping parameters are real. Therefore (8) also realizes the "root" state for 1d inversion-symmetric topological insulators in class AI when δ > 0.
d = 2
For 2d insulators in class AI, their Hall conductance (or Chern number C) must vanish due to time reversal symmetry T . Note that any 2d insulator with inversion symmetry is fully described by a pair of integers (ν 1 , ν 2 ) where Chern number is given by C = ν 1 + ν 2 . Therefore for time reversal invariant (TRI) insulators (class AI) with inversion symmetry, they have ν 1 + ν 2 = 0 and are fully characterized by one integer
Naturally the "root" state for 2d inversion-symmetric insulators in class AI is given by the same lattice model (12) as in class A, where ↑ / ↓ now become indices for two different orbitals instead of for spin, and δ 1 + δ 2 = 0 due to time reversal symmetry. Since there are real (intraorbital and inter-orbital) hoppings in (12) with δ 1 = −δ 2 , such a lattice model of spin-polarized two-orbital electrons preserve anti-unitary time reversal symmetry T with
in (12) and (14) . In particular the integer topological index ν is given by
as time reversal requires δ 1 = −δ 2 . So the root state with ν = 1 has δ 1 = −δ 2 > 0 in (12).
d = 3
Inversion-symmetric topological phases in class AI can be realized by S z -conserving superconductors of spin-1/2 
Here δ > 0 gives rise to the nontrivial ν = 1 inversionprotected insulator in class AI, while δ < 0 leads to the trivial ν = 0 insulator which can be continuously tuned into an atomic insulator without closing energy gap. 
Without any extra symmetry, different TRI spin-1/2 insulators (class AII) are classified by 0 in 1d and Z 2 in 2d, 3d. This means all TRI spin-1/2 insulators are trivial in 1d, but in 2d and 3d there is one type of nontrivial insulator 1-3 : i.e. 2d quantum spin Hall insulator (QSHI) in 2d and 3d topological insulator. When we further consider inversion symmetry I with I 2 = +1, the classification for different class AII insulators becomes Z in d = 1, 2, 3. In other words, in one, two and three spatial dimensions, distinct inversion-symmetric insulators in class AII are labeled by an integer ν ∈ Z.
The root state of 1d inversion-symmetric topological insulator in class AII can be easily realized by spin-1/2 electrons on a 1d chain with inversion center illustrated in FIG. 1 , where spin-↑ electrons and spin-↓ electrons have the same real hopping terms as described in (8) . Again δ > 0 leads to the nontrivial ν = 1 insulator, which is robust against any perturbation as long as time reversal, inversion and U (1) charge conservation are preserved. δ < 0 corresponds to the trivial insulator.
d = 2
Here due to time reversal, the Chern number or Hall conductance has to vanish for any 2d insulator in class AII. Regardless of inversion symmetry, there is already one nontrivial 2d topological insulator in class AII, i.e. the Z 2 quantum spin Hall insulator [24] [25] [26] . QSHI preserving inversion symmetry can be realized by spin-1/2 electrons on a checkerboard lattice (in FIG. 2) : where σ are Pauli matrices for spin indices ↑ / ↓ and τ for sublattice index s = A/B. When real parameter δ 1 the low-energy physics is described by Dirac fermions around zone corner k = (π, π):
Real parameter δ > 0 leads to a nontrivial "root" topological insulator with ν = 1, while δ < 0 leads to the trivial ν = 0 state. In the absence of inversion symmetry, once two layers of ν = 1 state are stacked together, the resulting ν = 2 state can be adiabatically deformed into a trivial atomic insulator (ν = 0) without closing the bulk energy gap. When there is inversion symmetry, however, ν = 2 state cannot be deformed into trivial ν = 0 state without going through a phase transition. Instead there are an integer number (labeled by ν) of different 2d class AII insulators protected by inversion symmetry.
Irrespective of inversion symmetry, in three spatial dimensions there is already a nontrivial topological insulator in class AII: the 3d topological insulator [5] [6] [7] . A simple lattice model for 3d TRI topological insulators of spin- where Pauli matrices σ are for spin index ↑ / ↓, and τ for sublattice index s = A/B. Note that the above model also preserves inversion symmetry I. When real parameter δ 1, Dirac fermions around zone corner k = (π, π, π) describe the low-energy physics of the system
Here in this model δ > 0 leads to the nontrivial ν = 1 topological insulator (class AII) in 3d, while δ < 0 leads to the trivial ν = 0 insulator which doesn't have protected Dirac cones on the surface. Without inversion symmetry, different class-AII insulators have a Z 2 classification in the sense that two copies of ν = 1 topological insulators, when coupled together, can be continuously tuned into a trivial ν = 0 insulator without closing bulk energy gap. In the presence of inversion symmetry I, on the other hand, such a adiabatic deformation is not possible and there are an integer number of distinct insulators in class AII, labeled by integer index ν ∈ Z.
D. Class C: inversion-protected singlet superconductors in d = 3
In the absence of inversion symmetry, there are no topological singlet superconductors (class C) in 3d, i.e. any two singlet superconductors in three dimensions can be continuously deformed into each other with phase transitions. However, an extra inversion symmetry gives rise to an integer classification, i.e. distinct inversionsymmetric singlet superconductors are labeled by an integer ν ∈ Z.
The ν = 1 "root" state can be realized on by two-orbital spin-1/2 electrons on a interpenetrating primitive cubic lattice (CsCl structure, see FIG. 3 ):
where Pauli matrices σ are for Nambu index c ↑ /c † ↓ , τ for sublattice index s = A/B and µ for orbital index. When δ 1 we obtain an effective Dirac Hamiltonian around zone corner k = (π, π, π)
Here δ > 0 leads to the nontrivial ν = 1 topological singlet superconductor in 3d, while δ < 0 corresponds to the trivial ν = 0 superconductor which can be continuously tuned into a "strong-pairing" s-wave superconductor 27 .
IV. DISCUSSIONS
A. Quantized response of inversion-protected topological insulators and superconductors
Unlike topological phases protected by global symmetries, these inversion-protected topological phases cannot be identified by their gapless boundary states, simply because the boundary itself necessarily breaks inversion symmetry 20, 28 . A natural question is: are there any experimental observable for these inversion-protected topological insualtors/superconductors? The answer is yes. For example it was pointed out in Ref. 29 that inversionprotected topological insulators (class A) can be diagnosed by its electromagnetic response: specifically the ν = 1 inversion-protected class-A insulator in 3d, realized in lattice model (17) , exhibits the so-called topological magneto-electric effect 8, 30 :
i.e. an applied electric field E will induced a magnetization M proportional to the electric field, where the proportionality constant is quantized. Another equivalent manifestation is the "half" quantum Hall effect on the gapped surface of inversion-symmetric ν = 1 topological insulators in class A. More precisely, the (charge) Hall conductance of gapped surface is quantized as
Here θ is defined modular 2π, and it changes sign under either time reversal or spatial inversion operation. Therefore θ takes the value of either 0 or π for the inversionprotected ν = 1 3d insulator in class A, AI and AII. In all these cases distinct 3d insulators are labeled by an integer index ν ∈ Z, and θ = 0 for ν = even while θ = π for ν = odd. Notice that in a pure 2d insulator (preserving U (1) charge conservation), the charge Hall conductance must be an integer 23 in unit of e 2 /h. For inversion-protected singlet superconductors in class C (labeled by an integer ν ∈ Z), a similar anomaly appears on the gapped surface of ν = 1 topological superconductor. Although there is no U (1) charge conservation, SU (2) spin rotational symmetry allows a welldefined (and quantized) spin Hall conductance 31 σ spin xy :
where j S denotes the spin current and B is the applied magnetic field. As derived in Appendix B, the gapped surface of ν = 1 singlet superconductor in class C exhibits a "half" spin quantum Hall effect:
This is associated to the SU (2) theta term 32 L = θs 32π 2 µνρλ T r(F µ νF ρλ ), describing responses of inversionprotected ν = 1 singlet superconductor to an external SU (2) "spin gauge field" with field strengthF µν . Again θ is defined modular 2π, and is odd under inversion operation I. Therefore θ is quantized to be π for all inversionprotected ν = odd states in class C, and 0 for ν = even states in class C. In a gapped 2d system with SU (2) spin rotational symmetry, the spin quantum Hall conductance must be an integer in unit of /4π, therefore such a "half-integer" σ spin xy here is a surface anomaly of 3d inversion-protected singlet superconductor.
B. Concluding remarks
In this work we classify and construct the inversionsymmetric topological insulators/superconductors of non-interacting electrons, which cannot be adiabatically tuned (no bulk gap closing) into a trivial atomic insulator/superconductor without breaking inversion symmetry I or other global symmetries. Although these inversion-protected topological phases generally doesn't support robust gapless surface states, they can be partially characterized by their quantized response functions. For example, the parity of integer index ν ∈ Z labeling inversion-protected topological phases in 3d can be determined by the "half" charge/spin quantum Hall effect on their gapped surfaces.
Although the topology of inversion-symmetric insulators/superconductors of non-interacting electrons cannot be fully captured by their quantized responses or surface states, entanglement spectrum in principle can provide a comprehensive diagnosis 20, 28, 33 . This is because unlike a real boundary, an entanglement cut may preserve inversion symmetry. It'll be an interesting future direction to understand the inversion-protected topological phases in terms of their entanglement spectrum. Meanwhile, we've so far focused on non-interacting electron systems, where strong interactions could in principle change the topology (and classification) of topological insulators/superconductors 34, 35 drastically. We leave these two aspects to future study.
Note added -Upon completion of this work we became aware of Ref. 36 , where the same classification for non-interacting topological phases was obtained independently.
The mass matrix M is real and anti-symmetric. Without altering topological properties we can always flatten the spectrum by choosing
In the presence of a global U (1) symmetry Q, the con-
In general a unitary Z 2 symmetry (such as particle-hole symmetry or π spin rotation) C is represented by a real matrix C satisfying
For example if Q corresponds to charge conservation and C is particle-hole symmetry, we have
One the other hand if Q represents S z spin conservation and C is π spin rotation along S y -axis, we have
Meanwhile anti-unitary time reversal symmetry T is represented by a real matrix T satisfying
Just like unitary Z 2 symmetry C, here the real matrix T can be symmetric or anti-symmetric depending on T 2 = ±1:
In a spin-1/2 electronic system, the conventional time reversal symmetry has T 2 = −1. One can also define an anti-unitary symmetry T as a combination of time reversal and a π spin rotation, and T 2 = +1 for this redefined "time reversal" operation. T may commute or anticommute with U (1) symmetry generator Q and Z 2 symmetry generator C, depending on the specific symmetry group.
In the K-theory approach to topological insulators/superconductors, the Dirac matrices {γ i } and symmetry operators always form a real (or complex) Clifford algebra Cl p,q (or Cl n ). The classifying space of symmetry-allowed mass matrix M is determined by the extension of this Clifford algebra to Cl p,q+1 (or Cl n+1 ) by adding the mass matrix M as an extra generator. The classifying space associated with the above extension problem is R q−p+2 mod 8 (or C n mod 2 ) due to Bott periodicity. Distinct gapped symmetric phases are classified by disconnected pieces of the classifying space, i.e. by zeroth homotopy group π 0 (R q−p+2 mod 8 ) or π 0 (C n mod 2 ). The periodicity 8 (or 2) for classifying spaces is the socalled Bott periodicity. The exact form of classifying spaces R a (or Cl n ), as well as their zeroth homotopy group are given e.g. in Ref. 9, 15, 22 . Notice that any 0th homotopy group π 0 (X) is always Abelian.
There are p + q generators (real orthogonal matrices {e i }) for a real Clifford algebra Cl p,q satisfying
Meanwhile a complex Clifford algebra Cl n has n generators (complex Hermitian matrices {e a }) satisfying
Eight real classes
Let's first consider class D with no symmetry at all 39 . In d spatial dimensions we consider extension problem of Clifford algebra Cl d,0 → Cl d,1 generated by
Now let's consider time reversal symmetry T , i.e. extension problem Adding a U (1) charge conservation symmetry (generated by Q) to time reversal T , the Clifford algebra extension problem becomes
Notice that {T, Q} = 0 here. Again depending on the sign of T 2 = ±1, the classification of topological insulators with time reversal symmetry is given by π 0 (R −d ) for class AI (T 2 = +1), and by π 0 (R 4−d ) for class AII (T 2 = −1). If we consider a spin rotational U (1) symmetry Q (say, along S z -axis) instead, it commutes with time reversal operation i.e. [Q, T ] = 0. Now let's add another unitary Z 2 symmetry C, which is a π spin rotation along S yaxis with C 2 = −1 so that {Q, C} = 0 and [T, C] = 0. In fact Q and C together generate the whole SU (2) spin rotational symmetry. Now the relevant extension problem of Clifford algebra is
As a result topological singlet superconductors in d dimensions are classified by π 0 (R 5−d ) for class CII (T 2 = +1), and by
The last example related to real Clifford algebra is class C, with a U (1) symmetry Q and a unitary Z 2 symmetry C, satisfying C 2 = −1 and {Q, C} = 0. As discussed earlier the system actually has a SU (2) symmetry. Here we consider extension problem
and (γ i Q) 2 = −1, hence the Clifford algebra is Cl 0,d+2 → Cl 1,d+2 . This extension problem is equivalent to the following one Cl d+4,0 → Cl d+4,1 : {i σ y ⊗ γ i Q, iσ y ⊗ C, i σ y ⊗ QC, σ x ⊗ 1, σ z ⊗ 1} → {i σ y ⊗ γ i Q, i σ y ⊗ C, i σ y ⊗ QC, σ x ⊗ 1, σ z ⊗ 1, i σ y ⊗ QM } by direct product with 2 × 2 Pauli matrices σ x,y,z . Therefore singlet superconductors in class C are classified by π 0 (R −2−d ) = π 0 (R 6−d ) in d dimensions. (generated by {γ i , T } → {γ i , T, M }) into a complex Clifford algebra extension problem Cl d+1 → Cl d+2 . Hence the classification of gapped superconductors in class AIII is given by π 0 (C d+1 ).
More generally, for any real Clifford algebra Cl p,q , consider an extra symmetry U (such as the U (1) symmetry discussed earlier) whose generator U commutes with all generators of this real Clifford algebra. If U 2 = −1, we reach a similar conclusion that the original extension problem Cl p,q → Cl p,q+1 now becomes an extension problem Cl p+q → Cl p+q+1 , and the classifying space for the mass matrix is C p+q . On the other hand, if U 2 = +1, we can always choose a proper basis so that symmetry U is diagonalized as U = σ z ⊗ 1. Therefore we can work in two subspaces with U = +1 and U = −1 independently, since they will never mix for non-interacting fermions.
Appendix B: Gapped surface of inversion-protected 3d singlet superconductor
In this section we derive the gapped surface states of inversion-protected ν = 1 singlet superconductor in 3d (class C in TABLE I), based on effective Dirac Hamiltonian (30) . The "half" spin quantum Hall effect on the surface is also obtained.
Consider periodic boundary condition inx andŷ direction, and an open surface parallel tox − o −ŷ plane located at z = 0. The vacuum is in the z < 0 area while z > 0 corresponds to the bulk inversion-protected ν = 1 topological insulator. The surface state |Surf is described by zero-energy solution of the following Dirac equation with a mass domain wall m(z) = |m(z)| · Sgn(z) − i∂ z · σ z τ y + m(z)τ x µ y |Surf = 0 (B1) which is
|Surf ∼ e 
Therefore µ y = σ z τ z for the low-energy states on surface, which are described by
where σ z is the only surface mass term allowed by SU (2) spin rotational symmetry. Dirac fermion basisΨ k is obtained by projecting original electron basis Ψ k into the σ z τ z µ y = +1 subspace. It's straightforward to check that surface model (B3) has Chern number C s = Sgn(m s ). Correspondingly the spin quantum Hall conductance on the surface is given by 27,31,37
Note that in any two-dimensional singlet superconductors (such as d + id superconductor) the spin Hall conductance σ spin xy is always an even integer 31 in unit of /8π. Therefore we say the gapped surface states of inversionprotected ν = 1 singlet (class C) superconductor exhibits "half" spin quantum Hall effect.
